Abstract. The complex Mahowald pro-spectrum CP ∞ −∞ is not, as might seem at first sight, self-dual; rather, its natural dual is its own double suspension. This assertion makes better sense as a claim about the Tate cohomology spectrum t T S defined by circle actions on framed manifolds. A subtle twist in some duality properties of infinite-dimensional projective space results, which has consequences [via work of Madsen and Tillmann] for the Virasoro symmetries [discovered by Witten and Kontsevich] of the stable cohomology of the Riemann moduli space.
I owe Tillmann and Madsen thanks for many helpful and patient conversations about their thinking, but the mistakes and excesses in this note are my own responsibility.
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Residues

1.1
The forgetful functor of the introduction defines a kind of transfer, from the bordism group M U * (BT) of free circle actions on complex-oriented manifolds to the cobordism group M U − * −1 (BT), viewed as the bordism of unrestricted circle actions. This construction sends a T-manifold V to the class [ET × T V → pt × T ET ∼ BT] of its homotopy quotient, considered as a cobordism class by Quillen's conventions; the Tate homology t T M U of the complex bordism spectrum M U can be defined as the cofiber of the underlying morphism of spectra. For dimensional reasons this forgetful map is trivial on homotopy groups, and the resulting long exact sequence reduces to a short exact sequence 0 → M U − * (BT) → t T M U * → M U * −2 (BT) → 0 .
In geometric terms we can think of the middle group as the bordism theory of circle actions on manifolds with boundary, in which the action on the boundary is required to be free; such objects admit a natural product. In algebraic terms we can think of
as the ring of formal power series in the universal Euler (or first Chern) class; hence
is the ring of formal Laurent series f (e) = k≫−∞ f k e k in e, with at most finitely many nontrivial negative powers allowed. The exact sequence identifies the cobordism of BT with the subring of nonnegative powers of e; the quotient module is thus spanned by the negative powers.
In this picture, e ∈ M U
2 (BT) is represented by the class of a hyperplane in CP ∞ , while the class of the unit disk D 2 , viewed as a subspace of C with the usual T-action, maps to e −1 ∈ t T M U 2 . The projection BT → pt defines a homomorphism which sends a manifold with free T-action to its quotient; the boundary of e −k is the T-space S 2k−1 , with quotient CP k−1 , so the composition
where ω = k≥1 CP k−1 e k−1 de is the invariant differential on the formal group M U * (BT), and
is the formal residue on a Laurent series ring. The Tate spectrum t T MU is thus endowed by construction with a unit map
together with an MU-module map
which I will call its trace.
1.3
The bilinear pairing (f, g) = res f (e)dg(e) on t T M U * is naturally compatible with the action of the Landweber-Novikov Hopf algebra
of (co)operations of the group of invertible formal power series
on the complex cobordism functor: the Tate construction is natural in the spectrum, so endomorphisms of the M U -spectrum define endomorphisms of t T M U as well. The Landweber-Novikov operations define an action
such that s t (e) = t(e), and because the residue pairing is invariant under coordinate changes, we have
where
In terms of this pairing, the formula above becomes
where log MU is Mishchenko's logarithm. This observation suffices to define a nondegenerate pairing
of MU Q -module spectra, which is not a perfect duality (because of the dimension shift). It seems that some such pairing ought to be defined (geometrically) without rationalizing, but I do not know a construction.
1.4
Note that although the endomorphisms of MU act naturally on t T MU, the latter object has its own endomorphisms as an MU-module spectrum: let
be a formal Laurent series (in which only finitely many of the t k with k negative are nonzero) subject to the further restrictions that i) t 0 is a unit, and ii) if k < 0 then t k is nilpotent;
any such series can be written uniquely as a sum of an invertible formal power series in T , and a polynomial in T −1 with nilpotent coefficients. It is not hard to see thatt
is then again a series of this type, and furthermore that the composition of two such series is again a series of this type: that is, the functor which assigns to a commutative ring A the set of such series with coefficients in A, actually takes values in the category of monoids. This functor, which is in some ways a weak algebraic analogue of the group of diffeomorphisms of the circle, is not representable, though it is a direct limit of such things, and it is easy to see that if X is a finite complex, then
is in a natural way a representation of this functor.
1.5
For the Eilenberg-MacLane spectrum HZ there is a similar, but simpler, story: the exact sequence
has a hyperbolic splitting
, and the trace map
defines a symmetric bilinear form
The Landweber-Novikov action has no very meaningful counterpart here, but the monoid of invertible series (with nilpotent coefficients of negative powers) acts naturally.
The Tate cohomology construction has rather limited functoriality, but it is natural with respect to group isomorphisms; in particular, z → z −1 : T → T defines an involution I of the Tate spectrum t T E of any non-equivariant spectrum E. If that spectrum is complex-oriented, I sends its Euler class to the formal group inverse; in particular,
The bilinear form on t T S ∧ HZ mentioned in the introduction is now most easily defined on t T HZ, by
this makes the Laurent series ring into a symplectic module.
Duality
2.1
It's convenient to think of the Thom space X E of a vector bundle E over a space X as the one-point compactification of E, even when the base space is not compact. In this section that base space will be BT, which will be identified with
If X is compact, the vector bundle E admits a stable complement E ⊥ , such that the Whitney sum E ⊕ E ⊥ is a trivial bundle, say of real dimension n, and the inclusion of E ⊥ into E ⊕ E ⊥ defines a map of Thom complexes which desuspends to a morphism
of spectra. I've spelled this out to clarify where the basepoint comes from.
A complex version CP ∞ −∞ of Mahowald's real prospectrum can be constructed, following [2] , from a system
of morphisms built from the inclusions nη → (n + 1)η, where η is the Hopf line bundle over CP ∞ , and double superscripts have been avoided by writing
From this description it's clear that the collapse map CP
0 defines a similar map of the Mahowald object to the zero-sphere. On the other hand, the S-dual of the collapse map from CP n−1 to a point is (following Atiyah) a morphism
these fit together to define a morphism
of pro-objects. It is natural [cf. [1] ] to think of CP ∞ −∞ as a kind of S-dual of t T S, and to identify the two morphisms just defined as duals to the unit and trace map, respectively, of §1.2. More precisely, the S-dual of the Tate spectrum has a natural pro-object structure, which we can identify with its own double suspension.
2.2
There is a morphism
of systems, in which all arrows are defined by zero-section inclusions. On cohomology each induced map is then multiplication by the Euler class, which makes H * (CP ∞ −∞ ) a module over the polynomial algebra generated by the induced endomorphism, which (for reasons to be explained below) I will call ∂ −1 . This endomorphism is clearly invertible, so the integral cohomology of the direct limit becomes a free rank one Z[∂, ∂ −1 ]-module. The philosophy of the preceding paragraph suggests identifying the ring structure on this cohomology with that of t T HZ * .
2.3
The Kronecker pairing identifies the homology of CP ∞ −∞ with the free Z-module on basis elements b k dual to t k , k ∈ Z; this module has no natural ring structure, but it does inherit a nondegenerate bilinear form, which seems to be very interesting.
The field R(( √ x)) of formal Laurent series in an indeterminate √ x is also a symplectic vector space, with f, g → {f, g} := π 2 res f dg , and the formal half-integral divided powers [5] 
The homomorphism
is thus a symplectic embedding. Since
when k ≥ 0, where (2k + 1)!! = (2k + 1) · · · 3 · 1 is the odd factorial, this map could be defined over Q, at the expense of some clutter. The homology of CP ∞ −∞ is a Z[∂, ∂ −1 ]-module, and since I∂ = −I∂ the symplectic form respects that operation, in the sense that
The embedding in R(( √ x)) identifies ∂ with x-differentiation.
2.4
The symplectic structure on R(( √ x)) has a large and interesting group of automorphisms: it is invariant under arbitrary analytic coordinate changes. In infinitesimal terms, this is obvious: if
which is zero unless n + k + l = 0, in which case it is also zero. Note that nothing in this exercise requires that n be positive.
Under the involution √ x → − √ x, the field of Laurent series decomposes into orthogonal subspaces spanned by the odd and even powers of √ x. An analogue of the functor of §1.4, defined by series
(with nilpotent coefficients at negative powers) thus acts as automorphisms of the homology of CP
] this agrees with the group of transformations of the form
(with coefficients of negative powers suitably restricted).
2.5
Madsen and Tillmann [10] work with a variant of the Pontrjagin-Thom construction; here is a quick summary of just one component of their theory. If F ⊂ R n is a closed two-manifold embedded smoothly in a high-dimensional Euclidean space, the Pontrjagin-Thom collapse is a continuous map
to the Thom space of the normal bundle of the embedding. This bundle ν is the K-theoretic inverse to the tangent bundle of F , which is classified by a map
The canonical bundle η of two-planes through the origin in R n has a complementary (n − 2)-plane bundle, which I will call (n − η). Madsen and Tillmann regard ν as the pullback along τ , in the large n limit, of (n − η); composing the collapse with the map this induces on Thom spaces defines a stable morphism
of spectra. The space Emb(F ) of embeddings of F in R n becomes arbitrarily highly connected as n increases, and the group Diff + (F ) of orientation-preserving diffeomorphisms of F acts freely on it. This defines a compatible family
of maps between spaces, which Madsen and Tillmann interpret as a morphism
Note that the spectrum BSO(2) −η is not connected: its (reduced) homology
equals Z in dimension zero.
2.6
Composing the Madsen-Tillmann homomorphism with the Thom isomorphism in complex cobordism defines a map
which sends the cobordism Thom class Th(−η) ∈ M U −2 (BSO(2) −η ) to a kind of Euler class in M U −2 (BDiff + (F )). If, following Quillen's conventions, we understand the module M U 2k (X) defined by a manifold X to be the group of equivalence classes of codimension 2k complex-oriented proper maps [V → X], then Th(−η) is defined by the zero-section of (n − η). Its image under the Madsen-Tillmann map is just the pullback defined by the fiber product
here Z is the space of equivalence classes, under the action of Diff + (F ), of pairs (x, φ), where x ∈ φ(F ) ⊂ R n is a point of the surface (ie, a point in the zero-section of ν), and φ is an embedding. In other words, the image of Th(−η) is the class
this is (the suspension of) the cobordism class F ∈ M U −2 (BDiff + (F )) of the tautological family of surfaces over the classifying space of its diffeomorphism group.
From now on, I will use the standard notation and write CP ∞ −1 instead of BSO (2) −η . Collapsing its bottom (negative-dimensional) cell to a point defines a map
which factors through Tillmann's group-completion Z × BΓ + ∞ .
Applications
The Hopf algebra of Schur Q-functions is the quotient
of a polynomial algebra on generators q k with diagonal
The resulting algebra is torsion-free, with an integral basis of squarefree monomials; if two is inverted it becomes polynomial with generators q 2k+1 . The coefficients in the series
are primitive; the standard presentation [9] 
of the q's as symmetric functions of the eigenvalues of a positive-definite Hermitian matrix Λ sends these elements to (twice) the traces of the negative odd powers of the matrix.
Evaluating negative divided powers on a Hermitian matrix defines a homomorphism
(where k ≥ 0) which factors through the map
defined in Kontsevich's work on Witten's conjecture [3, 8] .
The algebra of Q-functions with rational coefficients supports a representation of the infinite-dimensional Heisenberg group defined by the symplectic vector space of §2.3. This is a Fock representation [7] , and the standard intertwining operation [13 §13.4] 
defining a complex-oriented genus
with an associated formal group law of additive type, having the power series
as its exponential.
3.3
There is an odd-primary analog of this construction, connected to the theory of moduli of curves with generalized spin structures [6] : let
be the extension of the field of formal Laurent series in an indeterminate x defined by adjoining its pth root. The bilinear form f, g → {f, g} = res f dg ∈ C defined by the formal residue
is antisymmetric, with the subspace of constants as its kernel.
The Galois group of the field extension V /V 0 is cyclic of order p, generated by the automorphism
where ζ p is a nontrivial pth root of unity. The bilinear form satisfies {ζ(f ), ζ(g)} = {f, g} , so the invariant subspace V 0 is a bilinear submodule. More generally,
splits into orthogonal bilinear submodules V a spanned by series of the form
in which s = ±(k + a/p) with k and a nonnegative integers, 0 ≤ a ≤ p − 1. The divided powers
so the elements
3.4
At odd primes there is also an analog of the Hopf algebra of Q-functions. Recall that the Witt functor assigns to a commutative ring A the multiplicative group
× of formal series w(T ) = w i T i with constant coefficient w 0 = 1. This is naturally isomorphic to the set of ring homomorphisms from a polynomial algebra on generators {w i , i > 0} to A; the group structure endows this representing ring with the structure of a (commutative and cocommutative) Hopf algebra. The involution
respects the product, and so defines a Z/2Z-action on W. The Hopf algebra of Q-functions represents the kernel of the norm homomorphism
in other words it represents the functor which sends a ring to the group of power series q(T ) with q(0) = 1 over that ring, which satisfy the relation q(T )q(−T ) = 1.
This ring turns out to be torsion-free, so we can reformulate the relation above, in the universal example, as the assertion that the formal logarithm log q(T ) is an odd power series in T . More generally, the group of pth roots of unity acts on W by w(T ) → w(ζ p T ), and there is a corresponding norm
since N w is Galois-invariant, whether the underlying ring actually contains a nontrivial pth root of unity is irrelevant to its construction. [I'm indebted to Lars Hesselholt for pointing out that this norm is exactly the Frobenius homomorphism of Witt theory.] The Hopf algebra of generalized Q-functions represents the groupvalued functor defined by the kernel of this Frobenius map; it can also be described as an algebra of Hall-Littlewood symmetric polynomials, evaluated at a pth root of unity. For our purposes it can most conveniently be understood in terms of power series w(T ) with w(0) = 1 such that the projection of log w(x 1/p ) to V 0 is zero; this Hopf algebra of generalized Schur Q-functions thus splits (over Q) as a product of Hopf algebras, indexed by a ∈ (Z/pZ) × . Its ath component is a Fock representation of the Heisenberg group defined by V a , and identifying its primitives with the functions
on positive-definite Hermitian matrices generalizes the Kontsevich-Witten map at p = 2.
3.5 An r-spin structure on a closed surface Σ is (at least) a complex line bundle L over the surface, together with a fixed isomorphism
of oriented two-plane bundles. This is a drastic reduction of the definition in [6] , ignoring subtle questions about surfaces with boundary (or punctures), not to mention non-prime r. When r is two, this reduces (more or less) to the classical notion of a surface with theta-characteristic, or (equivalently) with Spin C -structure. Note that the Euler characteristic of a surface with r-spin structure is necessarily divisible by r. A diffeomorphism
between r-spin surfaces consists of an orientation-preserving diffeomorphism Φ of surfaces, together with an isomorphism φ : Φ * (L ′ ) ∼ = L of complex line bundles. The group of diffeomorphisms of an r-spin surface is an extenion
of groups: any diffeomorphism of Σ lifts to an automorphism of the line bundle, and any element of the group µ r of rth roots of unity in C defines an automorphism of L above the identity map of Σ. The classifying space for the category of surfaces has a direct analog for r-spin surfaces, as does the Madsen-Tillmann map, which now takes the Thom spectrum of the formal inverse of η ⊗r for its target.
When r = p is a prime, it seems likely that the group of automorphisms of µ p acts on the analog BΓ + ∞/p in this context of the usual group completion. On the level of the Madsen-Tillmann spectrum, a candidate for such an action is classical: if u is an integer relatively prime to p, then multiplication by u in the H-space structure of CP ∞ pulls η ⊗p back to η ⊗up , thus defining a morphism
of spectra. J-homomorphism arguments define a stable homotopy equivalence of the Thom spectra of η ⊗up with η ⊗p : Bott's cocycle
which maps to zero in the cohomology of Z × with coefficients in the units of K(CP ∞ ) p . The composition of these maps is thus a p-local homotopy self-equivalence of CP
It is therefore natural to hope to identify the rational homology of this object with the positive-dimensional part of V /V 0 , in such a way that the p−1 summands of the latter space correspond to the eigenspaces of the conjectured action of Aut(µ p ) on CP −η ⊗p ∞ . The Mahowald pro-spectrum defined by a countable sum of copies of the pth power of the Hopf bundle has as its integral cohomology, the localization of the cohomology of projective space defined by inverting p times the usual generator. This suggests that the Tate cohomology spectrum t T S[ 1 p , ζ p ] defined by adjoining the pth roots of unity to the p-localized sphere spectrum [15] may play a role in the case of p-spin surfaces, analogous to that of t T S in the usual case.
3.6
Tillmann has also studied a relative version of her category, defined by maps of surfaces to a parameter space, and there is reason to think that the module of primitive elements in the rational cohomology of the resulting group-completion may be closely related to the 'large' quantum cohomology studied by algebraic geometers.
Recent work of Dubrovin and Zhang (based on earlier work of Eguchi and his school [11 VI §2] ) constructs Virasoro representations based on the even cohomology of a complex even-dimensional projective variety, which reduce to the construction of §3.2 when the variety is a point. Their representation is characterized by its stress-energy tensor here c is multiplication by the first Chern class of the variety, ∂ is now ∂/∂t, the inner product defined by the cohomological cup-product as usual, and H is the dimension operator of Hodge theory [14 IV §4] . According to the standard physics conventions, e α is a basis for the cohomology, η α,β = (e α , e β ) is the cup-product pairing, η α,β is the inverse matrix, and 
